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Introduction

de Sitter spacetime?

v

Observations on far away supernovae: A > 0,
Inflation(s),

v

v

Maximally symmetric (10 param. group of isometries),

v

Globally hyperbolic,

v

The simplest curved spacetime generalization of Minkowski.

But ... no Killing vector which is timelike everywhere.

[(time?, asymptotic states?, ...)]



Introduction
Quantum fields? 1/3

o
=

Minkowski spacetime a QFT fulfills Garding-Wightman axioms:
Relativity,

Spectral condition,

Vacuum state,

Vacuum compatibility and invariant domains,

Field regularity,

Covariance,

Microcausality,

N O R D=

Completeness.



Introduction
Quantum fields? 2/3

Let us recall the Wightman function:

WO, o, s xa) = (2 () (0)-- B 0xm) D).

For free fields #/("=2) is entirely determined by #/(2) (Wick formula).
[more the def. of quasi-free states]

Then all of the 8 axioms might be recast on the two point function.



Introduction
Quantum fields? 3/3

(a) Covariance: Vg € ,@I_:
W(2)(X1,X2) = W(Z)(g~xlvg~x2)'

(b) Spectral condition: W(qy) =0if g & V

7 (p1, p2) = (27)*6(p1 + p2) W(p1).

(c) Hermiticity :
W(2)(X17 X2) = W(z)(X2, Xl).

(d) Local commutation: for (x; — x2)? < 0:
7/(2)(X1, X2) = 7/(2)(X2, Xl).

(e) Positivity: Vf; € S (R*):

/ / )7 @ (31, x2)f () dxadx > 0.



Introduction

Comments

On dS this axiomatic can be used "point by point” [Bros, Moschella]

However, due to the lack of a globally timelike Killing vector there is
another criterion to use in order to select the Hilbert space carrying the
CCR rep.

Here this will be the conformal energy positivity condition U(f(05) > 0.
Otherwise, on its Minkowskian realization this would lead to negative

energies (in direct conflict with Garding-Wightman axioms).

J. Bros and U. Moschella, Rev. Math. Phys, 8:327-392, (1996). arXiv:gr-qc/9511019



Introduction

What we would like to achieve

A QED on de Sitter spacetime.

» We already have the scalar field, spinorial field, (massive) vector and
rank 2 tensor, ... [Bros, Gazeau, Moschella, PhD minions]

Mainly two difficulties to overcome:

1. Make sense of interaction(s) [Bros, Epstein, Moschella]
Not the subject of this talk.

2. The Maxwell field was, of course, quantized previously [Dimock,
Allen & Jacobson, Higuchi, Woodard, ...] however it didn't quite fit
in our formalism. Moreover we wanted to:

> keep track of the action of SOg(1,4) and SOy(2,4),
» follow the null curvature limit in the simplest fashion possible.

J. Bros, U. Moschella, J-P. Gazeau, Phys. Rev. Lett., 73:1746-1749,

P. Bartesaghi, J-P. Gazeau, U. Moschella, M.V. Takook, Class. Quant. Grav., 18:4373-4394, (2001). etc
J. Bros, H. Epstein and U. Moschella, JCAP 0802 (2008) 003 arXiv:hep-th/0612184,

J. Bros, H. Epstein and U. Moschella, Annales Henri Poincare 11 (2010) 611, arXiv:0812.3513,

S. Hollands, arXiv:1010.5367

J. Dimock, Rev. Math. Phys. 4:223-233, (1992),

B. Allen and T. Jacobson, Comm. Math. Phys.”103:669, (1986), etc.



Introduction
Subject of the talk

Quantize the conformal scalar field (mccf) and Maxwell’s field.

The scalar field:
> no gauge invariance,
> enables us to set our framework in RS.
The maxwell field:
» coping with the gauge invariance — a Gupta-Bleuler scheme,

> re-use the whole technology from the scalar field.

Rmk. Througout the whole presentation d = 4.
Rmk. By Maxwell field we mean the 4-potential A*, as it is the one with
which the interaction computations are made.



A brief reminder on conformal invariance
Weyl transformations (GR)

On the one hand consider the Weyl transformations (rescalings):

(M, g) = (M,g) where g,,(x) = w(x)guv(x).

Def. Eg(F) =0 is Weyl invariant, if 3s € R st:
Eg(F) = w'Eg(F) =0,

where F = w°F and t € R.

(s is the conformal weight of the field)



A brief reminder on conformal invariance
Weyl transformations (GR)

The equation of the conformal scalar (Yamabe's equation):

R _
(0-5)e=o s=wo,
and Maxwell's equations (in vacuum):
V.F'" =0, Fun =V,A, -V, A,
ZM = Ap«’ ZM = EHVZV = w—2AH7

are Weyl invariant.

This is exactly what makes the null curvature limit of our results trivial
and enables us to relate the space of solutions (cf. later).



A brief reminder on conformal invariance
Conformal group (P®)

On the other hand, for (M, g) lorentzian the group leaving the causality
invariant (light cone) will be called the conformal group.

Rmk. The isometries of (M, g) obviously belong to the conformal group.

In the case of the Minkowski and of the de Sitter spacetime the
conformal group is locally isomorphic to SOy(2,4).

Prop. (Characterization). The generators X of the conformal group fulfill
the conformal Killing equation:

Lxg = 2fx(x)g,

Lx: Lie derivative along X, fx(x): function on the spacetime.



A brief reminder on conformal invariance
Conformal group (P®)

Def. An equation Ez(F) = 0 will be conformally invariant if one can
realize the Lie algebra g of the conformal group SOg(2,4) such that

[Eg» 8l(F) = CE4(F),

where ( is a function.

Then the space of solutions of E;(F) = 0 is closed under SOy(2,4).



A brief reminder on conformal invariance
Conformal group (P®)

Fact. the space of solutions of the conformal scalar and %,, the space of
solutions of Maxwell's equations, on dS/Mink., is closed under the action
of SOy(2,4) once one has taken into account the presence of a multiplier:

[Tedl(x) = (a(g.g7"x)) "o(g '), Vg € SO0(2,4),
where the multiplier « is defined by:
dg.s? = (a(g, x))?ds?
and fulfills, by construction, the equation:

a(gg',x) = a(g, g’ x)a(g’, x).



Geometry in R

The null cone C in R® and the submanifold X

RR® is the natural playground for SOy(2,4). [Dirac, ...]

Consider the null cone C left invariant by SOy(2,4):
C={ze R® : 1opz?2” = (2°)2 + (2°)? — ||2|)> — (z*)? = 0},
the hyperplane:
Pe={zeR°:(1+&22+(1-€)z" =2}, (€R,
and finally the 4-dimensional submanifold:

XgZCﬂpg.



Geometry in R

The null cone C in R® and the submanifold X

e




Geometry in R

The null cone C in R® and the submanifold X

In the ambiant R® space the 0(2, 4) algebra is spanned by the 15 vectors:

Xaﬁ = Zaag - Zgaa, a,ﬁ = 5, 0, 1,2, 3,4.

The submanifold X is left invariant by the 10 vectors {X,,,, Yﬁ} where:
2V = [(1+ &) Xua — (1 — ) Xyus), pu,v=0,1,2,3.
A straightforward calculation leads to:
[Xp,u; Xpa] = _(nupXuU + nl/O'XMp - nuaxup - nl/pX;w')v
[Ysayj]zgxuw [ngvxuu]:nupyz/&_nupysy

which are the familiar algebra of dS/Poincaré/AdS group.

Varying continuously ¢ deforms the above algebra in 0(2,4).



Geometry in R

The null cone C in R® and the submanifold X

In addition, the induced (lorentzian) metric g¢ = 7|x, on X¢ has a
constant curvature scalar R, = —12¢.

With the above mentioned maximal symmetry of X one has:

E=H?> :dS,
(Xe,ge =mlx.) =4 £=0 : Mink,
£=—H? : AdS.

Rmk. This encompasses the whole dS/Mink/AdS spacetime.
Rmk. H will then be the Hubble function of dS/AdS which is a constant.




Geometry in R

The cone up to dilation C’

Notice that C has a natural structure of bundle:
C=(S'xS*) xR =C"xR*.
The submanifold C’ has an induced (lorentzian) metric go: = nlc-.

The points of X¢ might be projected along the fiber on C’. The metric
elements of g¢ are related to those of g¢r through a Weyl rescaling:

ge = (we)ger,

where the Weyl factor is nothing but the ratio of the radius/height
between C’ and X:.



Geometry in R

The cone up to dilation C’

On C’, seen as the submanifold St x S3, a global system of coordinates is:

2% = cos 3,
2% = sin 3,
i i
z' =sinan’,
z* = cos a,

where 3 €] — 7, 7[, a € [0,7] and n € S? C R3.

In those the conformal factor we reads:

2
(1=&)cosa+ (1 +&)cos B’

wﬁ(avﬁ) =



Geometry in R

The manifolds X¢ seen as subsets of c’

£ — —oo E<—1 E=—-1
T T b
0 T 0 T 0 T
—TT —TT -7
—1<&<0 E=0 0<é<1
T b T
0 T 0 T 0 b4
—7T —7T —7T
E=1 E>1 E— oo
T T T
/ The set X¢, shaded region, as
0 T 0 T 0 T a subset of the cone up to di-
lations C’. The angular coordi-

B
- - I nates on S? are suppressed.
o 1-4: AdS, 5: Mink., 6-9: dS.



Geometry in R

Homogeneous fields

» Consider a scalar field ¢ defined in R® homogeneous of degree r.

> On the null cone C the value of the restriction ¢¢/ of ¢ can be
recovered anytime thanks to the homogeneity:

dor(x €C') = mer(9)(z € C C RY) = ( fcf(z))'az),

with fzr = ¢ the equation, homogeneous degree 1, defining C’.

> Lifting the field ¢ from, say, C’' to X is exactly performing the Weyl
transform on the field with conformal weight r.

» For T, the natural action on C of SOy(2,4) one recovers the
appropriate action Tg/ on C' including a(g, x) through:

/ - .
Tgc =igromero T, 0ic,

with je: the injection of C’ in C.



Geometry in R

Homogeneous fields (comments)

Important. We defined the projection on C’ due to the fact that any
point in C can be projected on C’.

The same can be done for X: however global properties have to be taken
into account — going to the compactification.

In our case we do not have to go through such subtleties (see hereafter).



Quantizing the scalar field

The equation of motion

Now in R® one can consider the field equation Cg¢ and ask that

d

(Dﬁ(b)lc = 07 Zz - $ =

_(b.

Rmk. The restriction of (g to C is meaningless (det(n|c¢) = 0). However
restricting its result when applied to field of degree —1 is meaningful
[Dirac, ...]

Taking into account the above leads the restriction/projection of ¢ on X
or C' to fulfill the massless conformally coupled equation which reads:

(DC’ =+ 1)¢C’ =0 on (C/agcl)a
(O¢ +26) e =0 on (Xe, ge) = (C'lue >0, (we)’ger)-

P.A.M. Dirac, Ann. of Maths., 36:429-442, (1935).
G. Mack and A. Salam, Ann. of Phys., 53:174-202, (1969). etc. (especially Mayer’s work in the mid-70)



Quantizing the scalar field

Solving the equation on (C’, g¢/)

In the previously used coordinates on C’ one has:

2
0p?

Then, a set of modes of positive conformal energy is found:

Oo = — — Ass.

1

— (G LR Y) 0
€ m a? i )
o)) Lim( )

cl
Olim =

with ) the hyperspherical harmonics on S3.
They fulfill the positive conformal energy criterion with:

Xo56Fim = (L + 1)), o(Xos) = 1.

The field is identified to belong to the uir €~ (1,0,0) of SOy(2,4).
[Bayen et al., Angelopoulos et al., ...]



Quantizing the scalar field

The scalar product and Hilbert space

Then, one can pick a Cauchy surface at 5 = 0 and define:

05 6§ Ve = i / 67 95 6< dVol(S3).

» The modes ¢, are orthonormalized wrt the sp.

> The representation (including a) of SOy(2,4) is unitary wrt the sp.

Then, one can consider the Hilbert space (one particle sector):

%/ = {d)C/ = ZCLIm(b(L:IIm I CLm € 62(((:)}

Lim



Quantizing the scalar field
Going to dS/Mink

Notice the important fact that the hypersurface at 3 = 0 is a common
Cauchy surface for C’ and X; with £ = H? > 0 — rules out AdS.

In addition, lifting/rescaling the field to dS is found to be unitary wrt the
scalar product:

<¢f/7 g/>C’ = <¢{I7¢g>H7
with ¢" = (wy) "¢ and (-, )y is the (usual) Klein-Gordon scalar
product on dS/Mink.

Then, out of the modes ¢!/ one constructs:

Ay = {¢H = Z CLm®Lm © CLim € Ez(c)}-

Lim



Quantizing the scalar field
The rescaling as an unitary map (1/2)

The lifting/rescaling of the field might then be reinterpreted as a
bijective, unitary map between Hilbert spaces:

Oy + Her — I,
07 = On(9) = ¢! = (wn) o7
In particular one can introduce:
Sy — A,
67 = Zu(6°) = Dn(@5 7 (¢)) = 0",

linking the Hilbert space of minkowskian solutions to the desitterian ones.



Quantizing the scalar field
The rescaling as an unitary map (2/2)

» Then, an endomorphism on, say, % is carried to an end. of 7} by
the usual formula: Oy = EHOOE#.

» Thanks to Riesz lemma the same holds for linear functionals.

» Each Hilbert space s/, > carries the same uir of SOy(2, 4) and
the map @y is an unitary intertwining operator between those
different realizations.



Quantizing the scalar field
The two point function (1/2)

Now, everything is settled on dS/Mink/C’ and out of the modes one
constructs the autoreproducible kernel/two point function:

—H? 1
+
Dy (y,y") %,,;(bum Y)Lm(y') = B2 Z 1

with Z a quantity defined on the whole dS manifold and € a regulator.

When y and y’ can be linked by a geodesic of length 1, one has:

cosh(Hp) for timelike separated points,
Z=41 for lightlike separated points,
cos(Hp)  for spacelike separated points.



Quantizing the scalar field
The two point function (2/2)

Then, one finds that the two point function fulfills all the required
properties: SOg(1,4) covariance, positive conformal energy, hermiticity,
local commutation, positivity.

In fact the covariance is extended from SOpy(1,4) to SOy(2,4).

When the points y and y’ are geodesically linked one has:

D}i(y,y') = 71(1 e, )

82 & Te0° " 7m6° t-

with o = 1i2/2.
The vacuum exhibits the Hadamard behavior, is “Bunch-Davies”,

“Euclidian”, "“Conformal”, analytic in the extended forward tube,
geodesic-KMS at 5 = 27H, ... in short the good one.



Quantizing the Maxwell field

Maxwell's equations

Written in term of the potential A they are:
A" —V,VFAY =0,
which on de Sitter spacetime read:
(O+3H*)A* — VIV - A=0.

They feature two properties:
> gauge invariance, that is: A* = V#¢ is a solution V¢,

» conformal invariance.

Idea. Overcome the former while using/preserving the latter.
Rmk. From now on no mention of Mink. is made, it works as previously
exposed.



Quantizing the Maxwell field

Gauge invariance — obstruction to quantization

Gauge invariance might be taken as the fact that:
> there exists unconstrained (trivial) solutions,

> there is no non-trivial two point function (manifestly covariant,
fulfilling Maxwell's eq., ...) [Morchio, Strocchi],

> is not a well-posed Cauchy problem,

» there exists solutions which are, wrt a certain scalar product,
orthogonal to all solutions including themselves (pure gauge states),

> ...

in short troubles ahead.



Quantizing the Maxwell field

The general idea of a Gupta-Bleuler quantization

The scheme follows these steps:

1. start with a space of solutions ¥,, which is gauge invariant — one
can not quantize canonically the field (this is the source of our
problems),

2. specify a "physical” subspace ¥ through a gauge fixing equation
G(A) =0,

3. use an auxiliary space ¥’ on which, by hypothesis, one can quantize
the field A — A,

4. select the Fock subspace s.t. (¢, G'(A)y) = 0 holds and reduce to
F(V).
Rmk. The auxiliary space ¥ has to be chosen s.t. there exists solutions
which overlap with pure gauge solutions (which are not orthogonal to
pure gauge states, leads to states of negative norm and a quantization in
Krein space).



Quantizing the Maxwell field

(The Lorenz gauge)

(O + 3H2)A# = 0 (O+ 3H2)A" — VAV - A =0

Rmk. Except the space ¥, none of these spaces is invariant under the

action of S0p(2,4).
Goal. Keep the conformal, i.e. SOy(2,4), invariance for each of these

spaces, i.e. for the gauge fixing equation, etc.



Quantizing the Maxwell field

The Eastwood-Singer gauge condition G(A) =0

Recall. We wish to keep the conformal invariance.

The gauge condition of Eastwood-Singer:

G(A) = [OV - A+ 2(VHR,,A") — %(VMRA“)] =0

is conformally invariant on the space of solutions of Maxwell's equations.
Rmk. Setting A, = V¢ one gets the Paneitz operator.

On the de Sitter spacetime this physical subspace reads:
¥V ={Ac ¥ | GA)=(O+2H*)V-A=0} C ¥,

and is left invariant under the action of SOy(2,4).

M.G. Eastwood and M. Singer, A conformally invariant Maxwell gauge, Phys. Lett., A107:7374, (1985).



Quantizing the Maxwell field

The auxiliary space 7/

To produce an auxiliary space ¥’ which is kept invariant under SOy(2, 4)
we return in R® and consider the, previously used, equations:

0
(Dﬁao‘)|c =0, z- a—zaa = —a%

But, this is insufficient and some additional work needs to be done.



Quantizing the Maxwell field

Decomposition of the vectorial field of R® to one vector and two scalars

The vectorial field a, homogeneous of its variables, can be broken into:

a= ao‘(z)—gza
0 — w1 0
_ b9 Lok
— hA ah+<A oy w)aym

such that:
» AP 4 are scalar fields under SOp(1,4),
» A" is a vectorial field under SOp(1,4).

Rmk. The variables {y*} can be recognized as the ambient space
approach in R® of de Sitter fields.



Quantizing the Maxwell field

Indecomposable action of SOy(2,4) on the triplet of fields

The decomposition of a% is done in a "clever’ way s.t. schematically:

Al T Ah AP T T T\ (A

Z/n _ T Zn ’ Z/m — T T ZK

! ) \¢ ¢! VAN
g € SO0(1,4) C SOo(2,4), g € 500(2,4) \ SOo(1,4),

That is, SOy(2,4) has an indecomposable action on the triplet of fields
with the following hierarchy:

¢—>Z”—>Ah.

Thus, the equation: @ = 0 is conformally invariant.



Quantizing the Maxwell field

The field equation projected onto the de Sitter spacetime

The equation CJga = 0 induces on the triplet of desitterian fields:

(O+2H*)A" =0,
(O + 3H?) A* + 2VH(A" — H?y) =0,
(O+6H)yp — 4A" —2V - A=0.

Rmk. for ¢ = 0 one recovers Maxwell's equations plus the
Eastwood-Singer gauge fixing equation.

Rmk. On the space of solutions ¥ with 1) = 0 the indecomposable
action of 50(2,4) coincides with the natural one.

Rmk. These additional fields might be thought of as
Nakanishi-Lautrup-like auxiliary fields.



Quantizing the Maxwell field

Summarizing the conformally invariant Gupta-Bleuler scheme

(O+2H%)AM =0 (O+3H?)A* —VHV - A=0
(O 4 3H?)A* 4 2VH(Al — H?p) =0

(O-2H%)p-2V-A—-4A" =0
() =0 ‘ (O42H>)V-A=0



Quantizing the Maxwell field

Solving the equations

Now all is left to do is to solve:

0
(Dﬁa“)|c =0, z- a—zaa = —a%.

which is done thanks to the scalar solutions.

Then, one equips these solutions with the scalar product:

(3.6) = =i [ () 52b")aVoI(SY)] .
B=0

» The representation of SOg(2,4) is unitary wrt to the sp.

» The physical subspace ¥ is proven to be of positive norm.



Quantizing the Maxwell field

A side remark on the scalar product

The scalar product between solutions induced by the one in R® in terms
of dS quantities reads, reduced at ) = 0 and using the eom;,:

: i * *
(. Aa) = =i [[(40); T oAk — (AD)oV - e — (A2)o¥ - A})JdE?
which is not the Klein-Gordon product associated to ((Jy + 3H2)A* = 0.

One checks that, as mentioned earlier, the pure gauge solutions are
indeed orthogonal to any solutions (including themselves) of Maxwell's
equations.

Of course the conformal invariance is kept, in general.



Quantizing the Maxwell field

The projected two-point functions on de Sitter spacetime

The modes can be summed st. the kernel is autoreproducible and
invariant under SOg(2,4). Projected on dS it yields:

1 H2 @/19

Vo, Y - b0
D™ (y.y") = g5 D¥(y,y") = 8z 71
; H? % .0" H> 1

Df{l) . / th n —
y)=52 Z 1 (. y) 82z 1
H* 1
rh no_ hh no_
D (yvy)_ov D (ya.y)_sﬂ_gze_la

in the ambient space formalism of dS fields in R5.

Rmk. No Lorenz gauge-like quantization can produce that two-point function.
Rmk. This is the minimal form of a vectorial two-point function on dS.




Quantizing the Maxwell field

Translation in the intrinsic formalism

On the physical subspace #(¥') only the vectorial two point function
matters.

Given two points p and p’ linked by a geodesic one introduces:

» gt (x,x") the parallel propagator (& parallel transport of a vector
along the given geodesic),

» n*(x,x’) the outgoing unit tangent vector at T,M,

» n”'(x,x’) the outgoing unit tangent vector at T, M.

In a maximally symmetric spacetime they constitute a basis of bitensors
and any covariant two point function reads:

Dy (x,x") = a(Z) g (x, X') + B(Z)n,(x, X" ) (x, X').



Quantizing the Maxwell field

The two point function
In the usual setting (Lorenz gauge) Allen and Jacobson find:
D;;\i,(x, x") = o Z)gu (x,x") + B(Z)n,(x, X )nyr (x,x),
where:

2 —
a(2) = 22@ {_Zil +zl+1 " (z2+1 * (Zi1)2)|°g(%)]’

=gl z ) ()

While using the Eastwood-Singer gauge in our quantization yields:

H2 8uv’
D/LD/(X7X/) = ﬁ(z u_ 1 - nanD/)'

Allen, B. Jacobson, T., Vector two point functions in maximally symmetric spaces, Commun. Math. Phys. 103, (1986).



Conclusion

» By keeping the conformal invariance we do find a simple, compact
and manifestly covariant two point function for the quantization of
the Maxwell field.

> It carries the same physics as the result of Allen and Jacobson since
the two point function of the F,, that is:VI*V(,, D¥] 1, which is
gauge invariant, is exactly the same.

» Moreover, by construction, our solutions and then the two point
functions have trivial null curvature limit.

» At each step in our quantization process the action of both
500(2,4) and SOy(1,4) remains clear.



Outlooks

> Can it be extended to [1]? (yes)

» The geometric apparatus can be used to encompass massive scalar
fields and some cases of external potentials on dS, while spoiling the
S0o(2, 4) invariance, thanks to appropriate potentials in R® (thanks
to N. Pinamonti).

» The Eastwood-Singer equation can be (sort of) generalized ...

» Finally consider the interacting qed on dS. Previous calculations
[Bros, Epstein, Moschella] have already shown that new process (for
scalar fields) appear as soon as dS is involved. Would that be the
case in a ged?



