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Problem 1 The Riemann tensor and its symmetries

Consider the Riemann tensor given by

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµαΓανσ − ΓρναΓαµσ

Show that the following identities are fulfilled

a) Rρ
σµν = −Rρ

σνµ,
b) Rρ

σµν +Rρ
µνσ +Rρ

νσµ = 0,
c) Rρσµν = −Rσρµν , in which Rρσµν = gρλR

λ
σµν ,

d) Rρσµν = Rµνρσ.

Show that, in dimension d, a tensor with the above symmetries possess

DoF (Rρ
σµν) =

1

12
d2(d2 − 1)

independent components. Consider in particular d = 2 and d = 3 and show that the
Riemann tensor can be expressed completely in term of the Ricci tensor Rµν and the
scalar curvature R.

Finally, show that the field strength Fµν verify the equation

DαFβγ +DβFγα +DγFαβ = 0

if Fµν = DµAν −DνAµ thanks to one of the identity of the Riemann tensor.

Problem 2 More identities

Prove the following identities:

∂γgαβ = Γαβγ + Γβαγ, gαµ∂γg
µβ = −gµβ∂γgαµ,

DαA
α =

1√
|g|
∂α(

√
|g|Aα), gµνDµDνφ =

1√
|g|
∂µ

√
|g|gµν∂νφ,

with g = det gµν .

Problem 3 For the following actions find the Euler-Lagrange equations

Sφ =
1

2

∫
[gρσ(Dρφ)(Dσφ)−m2φ2]

√
|g|dx

SA =
−1

4

∫
gµρgνσFµνFρσ

√
|g|dx

with Fµν = DµAν −DνAµ = ∂µAν − ∂νAµ (check it!) and


