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Problem 1 Consider the length

µ(p0, p1) =

∫ 1

0

√
gµν(x)

dxµ

dτ
dxν

dτ
dτ =

∫ 1

0

√
gµν(x) ẋµẋνdτ (1)

a) Write the Euler-Lagrange equations corresponding to (1) and show that they are
solved for xµ(τ) a solution of

ẍµ + Γµρσẋ
ρẋσ = 0 (2)

with
Γµρσ =

1

2
gµν
(
∂ρgσν + ∂σgρν − ∂νgρσ

)
. (3)

b) Show that the covariant derivative of a vector field

Dρv
µ = ∂ρv

µ + Γµρσv
σ (4)

transforms as a tensor of type
(
1
1

)
under a change of coordinate, with Γ given in (3).

Hint. Such a tensor has to transform as tµ
′

ν′ (x
′) =

∂x′µ′

∂xµ
∂xν

∂x′ν′ t
µ
ν (x)

c) For a tensor of arbitrary rank its derivative is given by

DρT
µ1...µp
ν1...νq

= ∂ρT
µ1...µp
ν1...νq

+ Γµ1
ρσT

σµ2...µp
ν1...νq

+ ...− Γσρν1T
µ1...µp
σν2...νq

− ... (5)

Show that for Γ given by (3) one has Dρgµν = 0.

d) Compute [Dρ, Dσ]vµ and conclude that those derivatives do not commute in general.

e) Define the directional derivative along a vector (field) u as

DuT
µ1...µp
ν1...νq

= uρDρT
µ1...µp
ν1...νq

(6)

and check that then the geodesic equation (2) reads as

Dẋ ẋ
µ = 0. (7)

Problem 2 Some (useful) identities
Show that for gµν diagonal the following identities hold:

Γµνλ = 0, Γµλλ = − 1

2gµµ

∂

∂xµ
gλλ,

Γµµλ =
∂

∂xλ
log
√
|gµµ|, Γµµµ =

∂

∂xµ
log
√
|gµµ|,

with µ 6= ν 6= λ 6= µ and no summation convention.



Problem 3 Riemann normal coordinates
Follow the general prescription (as in the lecture) to define the Riemann normal coordi-
nates z(x) in the vicinity of a point x0, in the case of slow motion in a weak and slowly
varying metric field (Newtonian approximation):

gµν(x) = ηµν + hµν(x),

where |h| � 1 and |∂0h| � |∂ih|; and |~x− ~x0| � |x0 − x0
0|.

Show that, in this approximation,

~z = (~x− ~x0)− ~vt−
1

2
~at2,

where φ(x) = 1
2
c2 h00(x), vi = h0i(x0)c, ~a = −~∇φ(x0), and t = z0/c = (x0 − x0

0)/c
up to O(h). In other words, the generalized gravitational field is absent in an accelerated
“free falling” system.


