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Problem 1 Consider the length
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a) Write the Euler-Lagrange equations corresponding to (1) and show that they are
solved for z#(7) a solution of
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b) Show that the covariant derivative of a vector field
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transforms as a tensor of type (}) under a change of coordinate, with I" given in (3).
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c) For a tensor of arbitrary rank its derivative is given by

Hint. Such a tensor has to transform as ¢, (')
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Show that for I' given by (3) one has D,g,, = 0.
d) Compute [D,, D,]v* and conclude that those derivatives do not commute in general.

e) Define the directional derivative along a vector (field) u as
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and check that then the geodesic equation (2) reads as

D; z" = 0. (7)

Problem 2 Some (useful) identities
Show that for g, diagonal the following identities hold:
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with . # v # X\ # p and no summation convention.



Problem 3 Riemann normal coordinates
Follow the general prescription (as in the lecture) to define the Riemann normal coordi-
nates z(x) in the vicinity of a point z, in the case of slow motion in a weak and slowly
varying metric field (Newtonian approximation):

g,uu<£) = Nuw + huu<£>7
where |h| < 1 and |0ph| < |9;h]; and |7 — | < [2° — ).
Show that, in this approximation,

1
7= (T —2y) — vt — 55152,

where ¢(z) = 3¢ hoo(z), v = hoi(z)e, @ = —V(zy), and t = 20/ = (20 — 29)/c
up to O(h). In other words, the generalized gravitational field is absent in an accelerated
“free falling” system.



