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Präsenzübung Freitag 06.05.

Problem 1 Consider the Sine-Gordon Lagrangean density (in one space dimension)
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(∂xξ)

2 + µ2
(

cos(βξ)− 1
)

for the field ξ(x, t), with constant model parameters c, β, and µ.

a) Write down the equation of motion, and show that

ξ(x, t) =
4

β
arctan eγ(x−x0−vt)·βµ/c

is a solution for arbitrary x0 and v with |v| < c, provided γ is properly chosen. Determine
γ! What are the asymptotic values ξ(x = ±∞, t)?
b) Prove the following “particle-like” features of this solution:

(i) Its energy density ρE and momentum density ρP are localized around the trajectory
x(t) = x0 + vt, with a constant width.

(ii) The total energy E =
∫
ρE dx and total momentum P =

∫
ρP dx satisfy the relation

of a relativistic particle E2 = M2
0 c

4 + P 2c2. Determine the rest mass M0.

Hints for (a) and (b): Derive and use the formulae

ξ̇ = −v∂xξ = −2(v/c)γµ sin(βξ/2)

and
sin(βξ/2) = 1/ cosh

(
γ(x− x0 − vt) · βµ/c

)
.


