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Problem 1 A wrong Theorem
A function is called “harmonic”, if A f = V2 f=0.

“Theorem”: Every harmonic function is constant.
“Proof™: 0 = [d®xfV2f = — [ d®x(V f)? (by partial integration) implies V f = 0.

a) Show that f(#) = xy is a counter example.
b) What is wrong with the proof?

¢) Show that the velocity field of an incompressible fluid (p(¢, ¥) = const) is the gra-
dient of a harmonic function, whenever it has vanishing curl. Use the mass conser-

vation 9,p + V (p7) = 0.

d) Use the lesson of (b) to conclude that a nonzero velocity field in a container with
boundary condition 7|5 = 0 must have nonzero curl.

Problem 2 Reconstruction of a vector field from its divergence and curl
Let A(Z) be a vector field with divergence f(7) and curl §(Z). Define

(&) = — / y R g / i’

Ar|Z — 2|

— =

g(@)
dr|Z — 2|

a) How fast should f(¥) and ¢(¥) decay with r = |¥| — oo, so that the integrals are
well-defined?

b) Show that A, (Z) = —V () has zero curl and divergence f.

¢) Show that A5(7) = —V x C(Z) has zero divergence and curl 7.

d) TIsittrue that A = A, + Ay?



